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This paper reports on the study of the dynamics of 1D magneto-granular phononic crystals composed of a
chain of spherical steel beads inside a properly designed magnetic field. This field is induced by an array of
permanent magnets, located in a holder at a given distance from the chain. The theoretical and experimental
results of the band gap structure are displayed, including all six degrees of freedom for the beads, i.e. three
translations and three rotations. Experimental evidence of transverse-rotational modes of propagation is pre-
sented; moreover, by changing the strength of the magnetic field, the dynamic response of the granular chain
is tuned. The combination of non-contact tunability with the potentially strong nonlinear behavior of gran-
ular systems ensures the suitability of magneto-granular phononic crystals as nonlinear, tunable mechanical
metamaterials for use in controlling elastic wave propagation.
The ability to control the propagation of elastic waves
has been widely investigated in phononic crystals, which
are a class of engineered media composed of periodic
arrays of scattering inclusions in a homogeneous host
material1. The propagation of sound in phononic crys-
tals is driven by the interference between Bragg scat-
tered waves. Similar to the electronic band structure of
semiconductors and the electromagnetic band structure
of photonic crystals, the phononic crystal structure does
not allow certain frequency ranges to propagate within it.
The existence of these forbidden bands makes phononic
crystals suitable for direct applications, such as mechan-
ical frequency filtering and sound insulation. In addi-
tion, the removal of inclusions along some pathways pro-
duces acoustic waveguides, demultiplexers and other elas-
tic wave devices. To foresee the next generation of elastic
devices, it would be necessary to introduce a certain de-
gree of frequency tunability in the phononic properties.
Greater interest has been shown along these lines over the
last few years, and many solutions have been proposed by
a number of authors; these include geometric changes to
the structure by applying external stresses2 and changes
to the elastic characteristics of the constitutive materials
through application of external stimuli, like an electric
field3, temperature changes4 or a magnetic field5.
Among the various proposed phononic crystals, gran-
ular crystals6, which are closely-packed ordered arrange-
ments of elastic particles (mainly spheres) in contact,
have been the topic of a large body of recent work. Due
to the Hertzian contact interaction between particles7,
the dynamic vibration response of these structures may
be nonlinear and tunable. These features make granular
chains a perfect medium for studying fundamental wave
structures, including solitary waves with a highly local-
ized waveform8,9 or discrete breathers10, as well as in
engineering applications, e.g. tunable vibration filters11,
impulse energy protectors12, acoustic lenses13, acoustic
rectifiers14, tunable functional switches15.
Provided the applied frequency range remains con-
siderably less than the individual bead resonances, the
phononic band structure of the granular crystals can be
obtained by means of discrete lattice models, in which
the contact deformations are modeled by springs. Due
to the finite size of particles and the friction between
them, attention must be paid not only to the normal
contact stiffness but also to the tangential and torsional
contact stiffnesses, thus suggesting that rotational de-
grees of freedom be included in the analysis. Cou-
pled rotational-translational elastic waves were observed
in three-dimensional, hexagonal closely-packed granular
crystals16, the dispersion relation of which is decribed by
a three-dimensional discrete lattice model that includes
the rotational degrees of freedom. Moreover, a two-
dimensional discrete lattice model, with particles possess-
ing one translational and two rotational degrees of free-
dom, has been applied to a monolayer granular phononic
membrane17. The significance of micro rotations has also
been recently revealed experimentally in colloidal-based
metamaterials18 as well as in torsional waves within gran-
ular chains19.
This work is devoted to designing and studying tun-
able magneto-granular phononic crystals. Tunability is
demonstrated by introducing granular chains made of fer-
romagnetic materials and then applying an external mag-
netic field. Since ferromagnetic materials can be strongly
magnetized in the presence of a magnetic field, changing
the magnetic field strength allows tuning the interparti-
cle forces and consequently, the dynamic response of the
granular crystal. The proposed magneto-granular crys-
tal is shown in Fig. 1(a); it is composed of a chain of
spherical stainless steel beads placed on top of a rub-
ber substrate, in which permanent neodymium magnets
(NdFeB) are laid out in a linear array. This set-up offers
the advantages of straightforward construction and non-
contact tunability via external magnetic fields. The use
of magnetic elements to control wave propagation in dis-
crete systems has been explored in various works20. Soft
rubber has been chosen as a substrate in order to ensure
the high impedance contrast between the granular chain
and the substrate. This contrast serves to reduce their
mechanical coupling while the remaining energy leakage
is highly attenuated due to the high viscoelasticity of rub-
ber. In addition, the effective stiffness originating from
contact deformation between the spheres and the sub-
2strate is very small relative to the contact stiffnesses be-
tween spheres. It can, thus be assumed that the granular
chain is free, in ignoring coupling with the substrate.
FIG. 1. (a) Schematic diagram of the granular chain on top
of permanent magnets within a rubber. Forces and magnetic
flux lines induced by the magnetic field have been superim-
posed. (b) Magnetic flux density (mTesla) vs. distance from
the upper surface of the magnet for B1 = 1.32 T (red) and
B2 = 1.37 T (black). (c) Schematic diagram of the experi-
mental set-up. This configuration allows us to drive the first
bead of the chain along the x, y or z direction by changing
the position of the transducer. The laser vibrometer, which is
sensitive to changes in the optical path length, enables detect-
ing the motion of the reflecting surface along just the optical
beam direction. The vibrometer has been placed in 3 different
positions (i.e. Pos. 1, 2 and 3) in order to detect displace-
ments along the x, z and y axes, respectively.
The interaction force between soft magnetic parti-
cles in the presence of uniform or non-uniform applied
magnetic fields was investigated in21,22. In the present
case, due to the strong non-uniformity of the magnetic
field, analytical formulae for the magnetic forces between
spheres are not available. As a result, numerical simula-
tions can be run to calculate the magnetic flux density
of our configuration, while experimental measurements
yield estimates of the attractive forces between two ad-
jacent spheres. In Fig. 1(a), the magnetic flux lines have
been superimposed on the schematic diagram of the set-
up. These lines have been calculated (using FEM simula-
tions) in considering spheres of diameter d = 15.875 mm,
made of stainless steel (Young’s modulus E = 200 GPa,
Poisson’s ratio ν = 0.3) and permanent cylindrical Nd-
FeB magnets with remanent magnetization B2 = 1.37 T
at a distance D = 10 mm from the center of the spheres,
as measured from the upper surface of the cylindrical
magnet. A large concentration of lines are visible at
the contacts, which indicates the attractive normal force
between adjacent spheres and between spheres and sub-
strate. In Fig. 1(b), the simulated (by FEM analysis) and
measured magnetic field (using a Gauss-meter F.W. Bell
5180 ) are plotted vs. distance from the upper surface of
the cylindrical magnets of B1 = 1.32 T and B2 = 1.37 T.
It can be observed that major variations in magnetic field
strength are possible by either placing the permanent
magnets at different distances or changing their remanent
magnetization. For example, in using the B1 permanent
magnets, the magnetic field at D = 10 mm from the up-
per surface of the magnet is reduced by 42% compared
to B2 permanent magnets, see Fig. 1(b). This effect in-
fluences the strength of the static normal forces between
spheres F0, see Fig. 1(a), induced by the external mag-
netic field. Such an effect can actually be estimated by
measuring the pulling force required to separate two ad-
jacent particles when using a dynamometer. From an
experimental standpoint, we measured F0 = 0.3±0.05 N
and F0 = 1 ± 0.15 N for the case of permanent magnets
of B1 = 1.32 T and B2 = 1.37 T, respectively.
To describe the three-dimensional dynamics of a gran-
ular chain, let’s consider the mass-spring model shown in
Fig. 2. For a better representation and understanding,
the possible motions are presented in two distinct planes,
called ”sagittal” for the (x, y) plane and ”horizontal” for
the (x, z) plane. This model considers all 6 degrees of
freedom for each sphere of the chain: 3 displacements
along the x, y, z-axis, and 3 rotations around the same
axes. Between two adjacent spheres, let’s consider nor-
mal, shear and torsional coupling to be characterized by
constant stiffnesses KN , KS and KT , respectively. For
the case of stiff and macroscopic elastic spheres, KN , KS
and KT are calculated by means of Hertzian contact me-
chanics and expressed as follows:
KN =
(
3R
4
F0
)1/3
E2/3(1− ν2)−2/3, (1)
KS = (6F0R)
1/3E2/3
(1− ν2)1/3
(2− ν)(1 + ν)
, (2)
KT = (2R) (1− ν)F0. (3)
Sagittal plane(a)
(b)
x
x
y
z
z
y
Horizontal plane
FIG. 2. Representation of the infinite free granular chain for:
(a) displacement and rotation motion in the sagittal plane
(x, y), and (b) in the horizontal plane (x, z).
By assuming small displacements and rotations, the
3motion equations of the zeroth particle are given by:
mu¨0,x = KN (u1,x − 2u0,x + u−1,x) , (4a)
mu¨0,y = KS (u1,y − 2u0,y + u−1,y) (4b)
+KSR (φ−1,z − φ1,z) ,
mu¨0,z = KS (u1,z − 2u0,z + u−1,z) (4c)
+KSR (φ−1,y − φ1,y) ,
Iφ¨0,x = KT (φ1,x − 2φ0,x + φ−1,x) , (4d)
Iφ¨0,y = −KSR
2 (φ1,y + 2φ0,y + φ−1,y) (4e)
+KSR (u1,z − u−1,z) ,
Iφ¨0,z = −KSR
2 (φ1,z + 2φ0,z + φ−1,z) (4f)
+KSR (u1,y − u−1,y) ,
where m is the mass, R the radius, and I the mo-
ment of inertia of the particle (for homogeneous spheres,
I = 2
5
mR2), un,i and φn,i denote respectively the dis-
placement and rotation of bead n along the i = x, y, z-
axis.
The solutions to Eqs. (4) are plane waves propagating
in the x-direction in the form ofVn = ve
iωt−ikxxn , where
kx is the complex wave number, v the amplitude vector
and ω the angular frequency. Substituting these solutions
into the set of Eqs. (4) results in the eigenvalue problem
Sv = −Ω2v, (5)
where Ω = ω/ω0 is the reduced frequency with ω0 =√
KS/m and S is a 6 × 6 dynamic matrix
23. The solu-
tion to this eigenvalue problem yields the Ω(k) dispersion
relation.
The sagittal plane (see left panel of Fig. 3(a)), contains
three branches: one corresponds to the longitudinal mode
with displacement just along the x-axis, denoted L(ux),
while the other two correspond to transverse-rotational
mode, denoted TR1,2 (uy, φz) with displacements along
the y-axis and rotations along the z-axis. TR1 is a zero-
frequency branch resulting from the counterbalance be-
tween rotational and transverse motions; further details
on zero-frequency TR branches can be found in24,25. The
component predominance in the TR branches is deter-
mined by identifying the largest component of the calcu-
lated eigenmodes of Eq. (5), as denoted in Fig. 3(a,b).
For example, in the lower part of the TR2 branch the
predominant component is uy, while it is φz in the upper
part. The horizontal plane (see left panel of Fig. 3(b)),
displays two TR branches, denoted TR1,2 (uz, φy), and
one branch corresponding to the torsional modes, de-
noted R (φx)
19. This branch is at very low frequen-
cies due to the small value of the torsional stiffness KT ,
compared to the effective rotational stiffness KSR
2 pro-
vided by shear interactions. TR1 is also a zero-frequency
branch due to the counterbalance between rotational and
transverse motions, while TR2 (uz, φy) is similar to the
TR2 (uy, φz) of the sagittal plane. This result stems
from the symmetry of the rotational φz, φy and trans-
verse uy, uz motions of the free-standing granular chain
(see Fig. 2).
Let’s now examine the experimental work conducted
to verify the theoretical dispersion relation. Two types
of transducers (a longitudinal Panametrics V3052 and
a shear Panametrics V1548 ) have been introduced to
drive the chain in three directions (x, y, z). A bead is
glued to each of the transducers in order to ensure the
same contact between the driver and the first bead of
the chain. The excitation signal is a sweep sine with a
65 s duration and a range from 100 Hz to 15 kHz. Par-
ticle velocity are measured by a laser vibrometer Polytec
OFV-503 with a sensitivity of 5 mm/s/V. This vibrome-
ter have been placed in three different positions to detect
all three translational motions of the bead. This exper-
imental set-up is presented in Fig. 1(c). The granular
chain is composed of 5 or 15 stainless steel beads of di-
ameter d = 15.875 mm. The permanent magnets are Nd-
FeB cylinders of remanent magnetization B2 = 1.37 T ,
located 10 mm from the center of the spheres. For this
case, as mentioned above, the measured static normal
force is F0 = 1 N. Eqs. (1)-(3) therefore yield KN =
6.60·106 N/m,KS = 5.44·10
6 N/m,KT = 1.12·10
−2 m·N
and KSR
2 = 3.42 · 102 m·N ≈ 3× 104 KT .
Fig. 3 plots the theoretical dispersion curves for both
plane (sagittal and horizontal), along with the exper-
imentally derived linear spectra. From a direct com-
parison, a very good agreement can be observed be-
tween theoretical and experimental findings. In addi-
tion, the appearance of the upper branches in the experi-
ments provides evidence of the existence of coupled trans-
verse/rotational branches. The torsional branch R (φx)
cannot be detected by the laser vibrometer. In the case
of a 5-bead chain (central panels of Fig. 3), the 5 reso-
nances in each branch are clearly visible. In the case of
a 15-bead chain and under longitudinal excitation (right
panels of Fig. 3 - Pos.1), only the first 10 resonances can
be distinguished. This result offers evidence that increas-
ing the system length strengthens the dissipation effect,
especially around the edges of propagating bands. In ad-
dition, at high frequencies under both longitudinal and
shear excitation, the corresponding propagating wave-
lengths are on the order of the lattice period. Hence,
a small amount of disorder induced by bead misalign-
ments could lead to a stronger smearing of the relevant
resonances.
With the validity of the theoretical model now verified,
let’s continue with a demonstration of the tunability of
the magneto-granular crystal by an external magnetic
field. Fig. 4 presents the dependence of cutoff frequencies
on the static normal force F0 between beads. The cutoff
frequencies are given analytically by:
fL =
1
2pi
√
4KN
m
, (6)
fS1 =
1
2pi
√
4KS
m
, (7)
fS2 =
1
2pi
√
4KSR
2
I
. (8)
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FIG. 3. Dispersion curves (left) for the infinite free gran-
ular chain when considering the experimentally measured
F0 = 1 N (solid line) with an error of ±0.15 N (shadow zone).
The linear spectrum of the signal (velocity amplitude) de-
tected by the laser vibrometer for a chain composed of 5 beads
(center) and 15 beads (right) (a) in the sagittal plane (x,y),
and (b) in the horizontal plane (x,z). For both chains, perma-
nent magnets of B2 remanent magnetization have been used.
Measurements are performed on the last bead of the chain
in the same direction as the excitation polarization. Pos. 1
(black line) measurement along the x-axis, Pos. 2 (green line)
along the z-axis, and Pos. 3 (red line) along the y-axis.
By changing F0, which in our case is equivalent to
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FIG. 4. Cutoff frequencies for the L (left) and TR (right)
branches vs. normal force F0. The experimentally esti-
mated forces are F0 = 0.3 N (dashed red) and F0 = 1 N
(dashed black) for the permanent magnets of B1 and B2 re-
manent magnetization, respectively, with both placed a dis-
tance 10 mm from the center of the beads. The gray zones
correspond to the pass bands. The torsional cutoff frequency
is not shown.
changing of the strength of the magnetic field induced
by the permanent magnets, the cutoff frequencies of the
L and TR branches can be tuned. Fig. 4 also depicts
the expected theoretical cutoff frequencies using the two
permanent magnets of B1 and B2, which correspond to
F0 = 0.3 N and F0 = 1 N respectively.
Fig. 5 shows on the same plot the experimental linear
spectra of a chain composed of 15 beads, placed 10mm
above the linear array of permanent NdFeB magnets of
B1 (red line) and B2 (black line), respectively. In the
former case, introducing the experimentally measured
F0 = 0.3 N into Eqs. (1)-(3) yields KN = 4.42 ·10
6 N/m,
KS = 3.64 · 10
6 N/m, KT = 3.34 · 10
−3 m·N and
KSR
2 = 2.29 · 102 m·N ≈ 105 KT . In Fig. 5, the
dashed lines denote the predicted theoretical values of
the cutoff frequencies. Band structure tunability is ob-
served by changing the remanent magnetization. More
specifically, using the B1 permanent magnets instead of
the B2 magnets reveals a downshift of the band edges of
roughly 18%.
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FIG. 5. Linear spectrum of the velocity signal received for a
chain of 15 beads under B1 (red) and B2 (black) permanent
magnets at a distance of 10 mm from the center of the spheres.
In the left panel, the dashed lines correspond to analytical
cutoff frequencies of the longitudinal branch Eq. (6) along
with the experimentally estimated forces. The dashed line in
both the center and right panels shows the expected analytical
transverse cutoff frequencies from Eq. (7) and (8).
In conclusion, this paper has presented the develop-
ment and dynamics of a magneto-granular phononic crys-
tal, composed of spherical ferromagnetic spheres in con-
tact, in the presence of a properly designed magnetic
field. This field has been induced by strong perma-
nent magnets arranged in a row inside a rubber holder
at a given distance from the granular chain. In con-
sidering all degrees of freedom, the full set of disper-
sion relations have been derived. Experiments have re-
vealed the existence of TR branches in a granular chain
that moreover can be tuned by the external magnetic
field. The low static load F0 values endow the system
with a strong nonlinear response. Preliminary experi-
ments have demonstrated these strong nonlinear dynam-
ics through the presence of higher harmonics and bifurca-
tion instabilities26. The combination of the non-contact
tunability and strong nonlinear behavior allows envis-
aging the development of nonlinear, tunable mechanical
metamaterials for controlling elastic wave propagation.
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